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Operator quantum error correction provides a unified framework for the known techniques of 
quantum error correction such as the standard error correction model, the method of 
decoherence-free subspaces, and the noiseless subsystem method. We first show an example of a 
new quantum error correction scheme which can not be described by operation quantum error 
correction. Then we introduce a different notion of noiseless subsystems according to the example. 
Base on this notion, we present a more unified approach which incorporates operator quantum 
error correction as a special case. Moreover, we also give a sufficient and necessary condition of 
quantum error correction using this approach. We show that this approach provides more recovery 
operations than operator quantum error correction, which possibly leads to simpler decoding 
procedures. 
PACS number(s): 03.67.Pp, 03.67.Hk, 03.67.Lx 
 
1. Introduction 
To develop quantum information processing technologies, it is necessary to protect quantum 
information against undesirable noise. Since 1990s, there has been considerable progress towards 
this goal. Fault-tolerant quantum computing theory [1-6] is built on standard model of quantum 
error correction (QEC) [1, 2, 4, 7]. In this QEC model, encoded quantum states are restricted to a 
code subspace C of the whole system’s Hilbert space H C C⊥= ⊕ . Several passive QEC 
methods, including decoherence-free subspaces [8-10] and noiseless subsystems [11-13], have also 
been presented. Refs. [14, 15] introduce the so-called operator quantum error correction (OQEC) 
that can describe all aforementioned QEC methods. OQEC relies on a generalized notion of a 
noiseless subsystem. In this notion, information is encoded in a subsystem A of the code 
subspace
A BC H H= ⊗ . Exactly speaking, given a quantum channel ε , we can say that A is a 
noiseless subsystem (B is called a noisy subsystem) if  
( ):B A B A B A Bρ ρ σ ε ρ ρ ρ σ∀ ∀ ∃ ⊗ = ⊗ .                   (1) 
where we write 
Aρ  for density operators on AH , similarly for Bρ and Bσ . In this letter, the 
above noiseless subsystem is called a “normal” noiseless one. 
One might ask whether there is some new method which can not be described by OQEC. Our 
answer is “Yes”. To see this, we discuss the following example. 
  Example. Consider a quantum channel { }0 1 2, ,E E Eε = obtained as follows. Fix 0 1γ< < , 
and with respect to the computational basis { }0 , 1  let 0 1 0
0 1
F
γ
 
=  
−  
, 1
0
0 0
F
γ 
=  
 
, 
and 2
1 0
0 1
I
 
=  
 
. Then define 0 0 0 1E F= ⊗ , 1 1 0 1E F= ⊗ , and 2 2 1 0E I= ⊗ . 
Clearly, 
2
†
2 2
0
a a
a
E E I I
=
= ⊗∑ . 
Decompose a Hilbert space 
4 A BH H= ⊗  with the computational basis, so that 2AH =   
and 
2BH =  . For all Aρ , we have 
( ) 1 †
0
1 1 0 0A Aa a
a
F Fε ρ ρ
=
 ⊗ = ⊗ 
 
∑ ,                     (2) 
and ( )0 0 1 1A Aε ρ ρ⊗ = ⊗ .                       (3) 
It is known that the subsystem A is not normal noiseless by (2). However, (3) implies that 
information encoded in the subsystem A is protected against noise, which motivates us to define a 
different noiseless subsystem: information is encoded in the subsystem A while the state of the 
subsystem B is 0 . Note that the different noiseless system is “one-time”. 
According to the above example, we consider the following condition: For a fixed density 
operator 
Bρ , 
( ):A B A B A Bρ σ ε ρ ρ ρ σ∀ ∃ ⊗ = ⊗ .                    (4) 
And we can directly obtain that (1)⇒ (4). Conversely, the implication (4)⇒ (1) does not hold in 
general. Thus the condition (1) is stricter than the one (4). Thus, in this letter we will define more 
generalized noiseless subsystems, called amplicate noiseless subsystems, according to the 
condition (4). Furthermore, we will introduce a more unified approach that incorporates OQEC as 
a special case by means of amplicate noiseless subsystems. Moreover, we find that our approach is 
also guessed in terms of private quantum subsystems in Ref. [16]. 
We now describe our notations and nomenclatures. Let ( )dim H  be the dimension of a 
Hilbert space H. The set of linear operators on H is denoted by ( )HB . In particular, the identity 
operator on H is denoted 
HI . It is known that a density operator ρ  can be written into 
k k k
k
p β β∑  where the eignstates kβ  are corresponding to positive eignvalues kp  and 
1k
k
p =∑ . Thus we denote k k k
k
pρ β β=∑  by the set { },k kp β . The support 
( )sup ρ of ρ  is defined as the space spanned by { }kβ . For convenience, we use ρ  and 
σ  for density operators. We refer to a quantum channel (operation) as a completely positive and 
trace-preserving convex linear map ( ) ( ):ε →H HB B . It is known that a channel ε  can be 
written into the Choi-Kraus operation-sum form ( ) †a a
a
E Eε ρ ρ=∑  for some operators 
( )∈aE HB  satisfying † Ha a
a
E E I=∑ . Moreover, we denote the channel ε  by the error set 
{ }aE . 
 
2. Ampliate Noiseless Subsystems 
Let us decompose a Hilbert space H C C⊥= ⊕  where A BC H H= ⊗ . To show the essential 
difference between (1) and (4), we will discuss the conditions which are equivalent with (4) as 
follows. Note that the condition (ii) in the following lemma is corresponding to (4). 
Lemma 1. Given a channel ε and a density operator { } ( ), Bk kp Hρ β= ∈B , then the 
following three conditions are equivalent. 
(i) ( ):B A A A Bσ ρ ε ρ ρ ρ σ∃ ∀ ⊗ = ⊗ ; 
(ii) ( ):A B A A Bρ σ ε ρ ρ ρ σ∀ ∃ ⊗ = ⊗ ; 
(iii) ( ):
k k
B A A A B
k kk β βσ ρ ε ρ β β ρ σ∀ ∃ ∀ ⊗ = ⊗ . 
Proof. The implication (i)⇒ (ii) is trivial. It is clear that (iii)⇒ (i) according to the linearity of 
ε . In the following, we prove that (ii)⇒ (iii). The condition (ii) implies that for all pure state 
AHψ ∈ , 
( ) Bk k k
k
p ε ψ ψ β β ψ ψ σ⊗ = ⊗∑                   (5) 
for some ( )B BHσ ∈B . Then for all k we can identify the form of ( )k kε ψ ψ β β⊗  as 
follows. Suppose that  { } ( )1,...,dim Aj j Hψ =  is a normal orthogonal basis of AH  and 
1ψ ψ= . Let λ  be a positive eignvalue of Bσ  and φ  be one of its eignstates. According 
to (5), we can obtain  
( ) 1
0
j k k k j
k
j
p
others
λψ φ ε ψ ψ β β ψ φ =⊗ = 

∑ .           (6) 
Since ε  is completely positive and trace-preserving, for all k there is a density operator , k
B
ψ βσ  
such that  
( ) , kBk k ψ βε ψ ψ β β ψ ψ σ⊗ = ⊗ .                (7) 
According to a linearity argument, , k
B
ψ βσ does not depend on ψ , that is, ,k k
B B
β ψ βσ σ≡ . Since 
ψ  is chosen arbitrarily, 
k
B
βσ  is invariant for all 
Aρ .                               ■ 
From the above lemma, (4) can be described as the following condition: For two fixed density 
operators ( )1 2, BHρ ρ ∈B , 
( )1 2:A A Aρ ε ρ ρ ρ ρ∀ ⊗ = ⊗ .                    (4’) 
Now we discuss the relationship between (4’) and (1). According to the supports of 1ρ and 2ρ , 
there are three cases as follows. For convenience, let ( )1 1supBH ρ= . a) 1B BH H= . By (iii) in 
the lemma 1 and the linearity of ε , it is known that (4’) is equivalent to 
( )
1
:
dim
BA B A H A B
B
I
H
ρ σ ε ρ ρ σ
 
 ∀ ∃ ⊗ = ⊗
 
 
.                 (8) 
According to the lemma 2 in Ref. [14], it is clear that (8) is equivalent to (1), which implies (4’) 
and (1) are equivalent, that is, A is a normal noiseless subsystem if the condition (4’) holds; b) 
( ) ( )1dim dimB BH H<  and ( )2sup ρ   is a subspace of 1BH . It is clear that 
( )11 2, BHρ ρ ∈B . We give a revised decomposition ' '⊥= ⊕H C C  where 1' BAC H H= ⊗ . 
Then this case is the same as a). Thus we obtain that (4’) is equivalent to 
( )1 1 1 1:B B B BA A Aρ ρ σ ε ρ ρ ρ σ∀ ∀ ∃ ⊗ = ⊗ .               (9) 
Thus the subsystem A is still a normal noiseless one if the condition (4’) holds; c) 
( ) ( )1dim dimB BH H<  and 1BH  does not include ( )2sup ρ . It is known that 
( )11 BHρ ∈B  and ( )12 BHρ ∉B . According to (iii) in the lemma 1 and the linearity of ε , it 
is known that (4’) is equivalent to  
( )
1
1
1
:
dim
B
A B A H A B
B
I
H
ρ σ ε ρ ρ σ
 
 ∀ ∃ ⊗ = ⊗
 
 
.             (10) 
Clearly, (8) and (10) are not equivalent, which implies that (4’)⇒ (1) does not hold. Thus A is not 
a normal noiseless subsystem if the condition (4) holds. But the quantum information encoded in 
ρ A  is indeed immune to noise in the channelε . And the state 1ρ in the “small” subsystem 1B  
is mapped into some state in another “big” subsystem B under ε . This means that the space of 
the noisy subsystem is “amplified” from 1
BH  to BH , that is, the decomposition of H is 
transformed from ' '⊥= ⊕H C C  ( 1' BAC H H= ⊗ ) to ⊥= ⊕H C C ( A BC H H= ⊗ ). 
However, the decomposition of H is fixed for normal noiseless subsystems. Thus this case can be 
regarded as the synthesis of the above cases a) and b). Clearly, this case can not be described by 
the known QEC approaches. 
To define a more general notion of a noiseless subsystem according to (4’), we give the 
following lemma. Note that (4’) is corresponding to (i) in the following lemma. 
Lemma 2. Decompose a Hilbert space H C C⊥= ⊕  where A BC H H= ⊗ . Let ε  be a 
channel.and 1
BH  be a subspace of BH . Then the following three conditions are equivalent. 
(i) There exist two density operators ( )11 BHρ ∈B  and ( )2 BHρ ∈B  such that 
( )1 1supBH ρ=  and ( )1 2:A A Aρ ε ρ ρ ρ ρ∀ ⊗ = ⊗ ;                     
(ii) ( )1 1:B BA B A A Bρ ρ σ ε ρ ρ ρ σ∀ ∀ ∃ ⊗ = ⊗ ; 
(iii) There exists a density operator ( )BHρ ∈B ,  
( )
1
1
1
:
dim
B
A A H A
B
I
H
ρ ε ρ ρ ρ
 
 ∀ ⊗ = ⊗
 
 
. 
Proof. By the lemma 1, (ii)⇒ (i) is trivial. Firstly, we prove (i)⇒ (iii). From (i), we have 
( )1 2:A A Aρ ε ρ ρ ρ ρ∀ ⊗ = ⊗ for { } ( )11 1,...,dim, Bk k k Hpρ β == . Then we can obtain that 
( ):
k k
B A A A B
k kk β βσ ρ ε ρ β β ρ σ∀ ∃ ∀ ⊗ = ⊗  according to the lemma 1. By the linearity of 
ε , we have ( ) ( )
( )1
1
1 1
dim
1
1 1
:
dim dim
B
B
k
H
A A H A B
B B
k
I
H H
βρ ε ρ ρ σ
=
 
 ∀ ⊗ = ⊗
 
 
∑ . It is clear that 
( )
( ) ( )
1
1
dim
1
1
dim
B
k
H
B B
B
k
H
H
βσ
=
∈∑ B . To prove (iii)⇒ (ii), let { } ( )11,...,dim Bk k Hβ =  be a normal 
orthogonal basis of 1
BH . We can obtain ( ):
k k
B A A A B
k kk β βσ ρ ε ρ β β ρ σ∀ ∃ ∀ ⊗ = ⊗  
according to (iii) and the lemma 1. Since { } ( )11,...,dim Bk k Hβ =  is chosen arbitrarily, we have (ii).■ 
Now we define new noiseless subsystems as follows. Let ε  be a quantum channel and 
decompose a Hilbert space H C C⊥= ⊕  where A BC H H= ⊗  and 1 2B BBH H H= ⊕ . For 
convenience, let ( )dim Br H≡ , ( )11 dim Br H≡ , and { }
1,...,
β
=
j
j r
 be a normal orthogonal 
basis of 
BH . Without loss of generality, 1BH  is spanned by { }
11,...,
β
=
j
j r
. 
Definition 1. The subsystem A is called an ampliate noiseless subsystem for ( )1, ,ε B B  if it 
satisfies one of (i)-(iii) in the lemma 2.  
From the above definition, it is clear that every normal noiseless subsystem can be regarded as a 
special ampliate noiseless one, that is, the ampliate noiseless subsystem for ( )1 1, ,ε B B  is just 
corresponding to a normal noiseless one. 
It is crucial to determine whether A is an ampliate noiseless subsystem for a fixed triple 
( )1, ,ε B B . One might also ask whether there is a sufficient and necessary condition about this. In 
this following, we try to answer this question. 
We denote
AH
k lI β β⊗ by klP  for all { }, 1, 2,...,k l r∈ . Then a map 
( ) ( ):Γ →H HB B  is defined as 
( ) 1
1 1
r r
kl lk
k l
P Pρ ρ
= =
Γ =∑∑ .                           (11) 
Clearly, this map has the following properties: (i) Γ  is a completely positive and linear map; (ii) 
( ) 1BA HIρ σΓ ∝ ⊗ ; (iii) ( ) 1BA B A HIρ ρ ρΓ ⊗ ∝ ⊗ . Moreover, we give several notations: 
1
A B
r
H H
B kk
k
P I I
=
≡ = ⊗∑P , 
1
1
1
1
BA
r
H H
B kk
k
P I I
=
≡ = ⊗∑P , and HB BI⊥ ≡ −P P . 
Theorem 1. Given a channel { }aEε = , A is an ampliate noiseless subsystem for ( )1, ,ε B B  if 
and only if the following two conditions hold: 
{ } { }1, 1,..., , 1,..., : kl a ij aijkl kja i k r j l r P E P Pλ∀ ∀ ∈ ∀ ∈ =             (12) 
where aijklλ  is some complex number; and  
1
: 0B a Ba E
⊥∀ =P P .                          (13) 
Proof. (i) “only if”. According to the properties of Γ  and the lemma 2, we can obtain that 
( )( ) ( )ε ρ ρΓ Γ ∝ Γ   for all ( )ρ ∈ HB . 
From linearity of Γ , the proportionality factor cannot depend on ρ . According to the theorem 
8.2 in [6], we can obtain that  
{ } { } 11 ' ' ' '
' 1 ' 1
, 1,..., , 1,..., :
r r
kl a ij aijklk l k l
k l
a i k r j l r P E P w P
= =
∀ ∀ ∈ ∀ ∈ =∑∑          
where { }' 'aijklk lw  is some set of complex numbers. Then we have 
1
' ' ' '
' 1 ' 1
r r
kl a ij kk kl a ij jj kk aijklk l k l jj aijklkl kj aijkl kj
k l
P E P P P E P P P w P P w P Pλ
= =
 
= = = ≡ 
 
∑∑ .      
It is known that ( ) ( )A BH Hε ρΓ ∈ ⊗   B  for all ( )ρ ∈ HB . Since 0B Bσ⊥ ⊥ =PP  for all 
( )A BH Hσ ∈ ⊗B , we can obtain ( ) 0B Bε ρ⊥ ⊥Γ =  P P  for all ( )ρ ∈ HB . By the definition 
of Γ , ( ) 1 †
1 1
r r
B B B a kl lk a B
a k l
E P P Eε ρ ρ⊥ ⊥ ⊥ ⊥
= =
Γ =   ∑∑∑P P P P . According to the theorem 8.2 in [6], 
we can obtain 0B a klE P
⊥
=P  for all { }11,2,...,k r∈ , { }1,2,...,l r∈ , and a. Thus 
1
0B a BE
⊥
=P P . 
(ii)“if”. For all ( )1BAH Hρ ∈ ⊗B , we can get 
( ) ( ) ( )( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( )
1 1 1 1 1 1
B B B B
B B B B B B B B
B B B B B B B B B B B B B B
B B
ε ρ ε ρ
ε ρ ε ρ ε ρ ε ρ
ε ρ ε ρ ε ρ ε ρ
ε ρ
⊥ ⊥
⊥ ⊥ ⊥ ⊥
⊥ ⊥ ⊥ ⊥
= + +
= + + +
= + + +
=
P P P P
P P P P P P P P
P P P P P P P P P P P P P P
P P
      
where the third identity follows from (13). Thus for all 
Aρ  and 1Bρ , we have 
( ) ( )1 1
1 1
B BA A
B B B Bε ρ ρ ε ρ ρ ⊗ = ⊗ P P P P                            
( )1 1 †
, 1 , 1
rr
BA
kk a ii jj a ll
a k l i j
P E P P E Pρ ρ
= =
= ⊗∑∑∑                   
{ }
{ } ( )
1
1
1
, 1,...,
, 1,...,
†
, 1 , 1
s v r
rt u r r
BA
ks sk a it ti ju uj a lv vl
a k l i j
P P E P P P P E P Pρ ρ
∈
∈
= =
⊗∑∑∑=        
( )1 1
1
1
, 1 , 1
, 1 , 1
λ ρ ρ λ
ρ λ λ β β ρ β β
= =
= =
= ⊗
 
= ⊗  
 
∑∑∑
∑∑∑
rr
BA
ajuvlks aitsk st ti ju uv vl
a k l i j
rr
BA
aljaki k i j l
a k l i j
P P P P P P
          
Clearly, ( )1 1
, 1 , 1
rr
B B
aljaki k i j l
a k l i j
Hλ λ β β ρ β β
= =
∈∑∑∑ B .                         ■ 
The above theorem shows that normal noiseless subsystems are not equivalent to ampliate 
noiseless ones; and the latter is more generalized than the former. In fact, according the theorem 1 
in [14], if the subsystem A is a normal noiseless one with its corresponding noisy subsystem 1B  
then the condition 
1 1
: 0B a Ba E
⊥∀ =P P  should be satisfied. Clearly, this condition is stricter than 
(13) when ( ) ( )1dim dimB BH H< . Thus amplite noiseless subsystem method is new one for 
quantum error correction. Based on amplite noiseless subsystems, we will introduce a more 
unified framework for QEC than OQEC as follows. 
 
3. Generalized OQEC (GOQEC) Approach 
Given a fixed decomposition 
⊥
= ⊕H C C  where A BC H H= ⊗  and 1 2B BBH H H= ⊕ , 
let us to define a density operator set ( ) ( ){ }1 1 1| ,B B BA A AH Hµ ρ ρ ρ ρ= ⊗ ∈ ∈B B . The 
approach for GOQEC consists of a quadruple ( ), , ,Bε µR  where the recovery R and error ε  
are quantum channels on ( )HB . In particular, ( )1, , ,Bε µR  is just equivalent to ( ), ,ε µR  
[14] in OQEC. Note that ( ), ,ε µR  is corresponding to the decomposition ' 'H C C ⊥= ⊕  
where 1' BAC H H= ⊗ . Then we can give the following definition by using the definition 1. 
Definition 2. Given a quadruple ( ), , ,Bε µR , we say that it is correctable if the following 
condition holds: For some density operator ( )BHρ ∈B , we have 
( ) 1
1
1
:
B
A A H AI
r
ρ ε ρ ρ ρ ∀ ⊗ = ⊗ 
 
R .               (14) 
  From the above definition, it is trivial that if ( ), ,ε µR  in OQEC is correctable then 
( ), , ,Bε µR  is also correctable. Clearly, the converse proposition does not hold since there are 
some ampliate noiseless subsystems which are not “normal”. 
Definition 3. Given a channel ε  and a fixed decomposition ' '⊥= ⊕H C C  where 
1' BAC H H= ⊗ , we say that µ  is correctable for ε  in GOQEC if there exists a quantum 
recovery operation R  and a decomposition 
⊥
= ⊕H C C  with A BC H H= ⊗ and 
1 2B BBH H H= ⊕  such that ( ), , ,Bε µR  is correctable. Note that µ  is defined as above. 
From the above definition, it is trivial that if µ  is correctable [14] for ε  in OQEC then it is 
also correctable for ε  in GOQEC. Now ask whether the converse proposition is true. One might 
answer “No” immediately since normal noiseless subsystems are not equivalent ampliate noiseless 
ones. But it is very interesting that our answer is “Yes”. To see this, we first prove a sufficient and 
necessary condition for quantum error correction by using GOQEC approach as follows. 
Theorem 2. Let { }aEε =  be a channel and Decompose a Hilbert space ' '⊥= ⊕H C C  
where 1' BAC H H= ⊗ . µ  is correctable for ε  in GOQEC if and only if there exists a 
complex number set { }abklλ  such that 
{ } †1, , 1,..., : kk a b ll abkl kla b k l r P E E P Pλ∀ ∀ ∈ = .               (15) 
Proof. (i)“only if”. According to the definitions 2 and 3, there exists a recovery operation 
{ }cR=R  and a decomposition H C C⊥= ⊕  with A BC H H= ⊗ and 1 2B BBH H H= ⊕  
such that  ( ) 1
1
1
:
B
A A H AI
r
ρ ε ρ ρ ρ ∀ ⊗ = ⊗ 
 
R  for some density operator ( )BHρ ∈B . 
Thus we can obtain that 
( )† † † ⊥= +∑kk a b ll kk a c B B c b ll
c
P E E P P E R R E PP P                  
† †
kk a c B c b ll
c
P E R P R E P= ∑                         
{ }11,...,
† †
1
j r r
kk a c ij ji c b ll
c i
P E R P P R E P
∈
=
∑∑=                  
1
r
ackij cbjil kj jl
c i
P Pλ λ
=
=∑∑                         
1
r
ackij cbjil kl abkl kl
c t
P w Pλ λ
=
 
= ≡ 
 
∑∑                 
where the second and fourth identities follow from the theorem 1. 
(ii) “if”. According to the theorem 2 in [14], we can obtain that µ  is correctable for ε  in 
OQEC. Thus µ  is also correctable for ε in GOQEC.                                ■ 
Clearly, the condition (15) in the above theorem is the same as one of the theorem 2 in [14]. 
Thus, for a fixed decomposition ' '⊥= ⊕H C C  where 1' BAC H H= ⊗ , µ  is correctable for 
ε  in OQEC if and only if µ  is correctable for ε  in GOQEC. This means that GOQEC model 
does not bring new forms of codes. However, GOQEC provides more recovery operations than 
OQEC. This is very important for some experiments of QEC because GOQEC possibly provides 
simpler operations to detect and recover errors. To see this, we first show how OQEC and 
GOQEC codes can be transformed each other. 
Theorem 3. Suppose that H C C⊥= ⊕  with A BC H H= ⊗  and 1 2B BBH H H= ⊕ . Let 
,εR  be two quantum channels on ( )HB , { }kα  be a normal orthogonal basis of CH ⊥ and 
µ  be defined as above. Then 
(i) If ( ), ,ε µR  is correctable then ( )1 , , ,CI Bη ε µ⊥⊗ R  is correctable, where 
( ) ( ) ( )
dim
1
, 1 1
1
CH
r
kl lk k k k k
k l k
P P
r
η α α α α
⊥ 
 
 
= =
= +∑ ∑i i i ; 
(ii) If ( ), , ,Bε µR  is correctable then ( )2 , ,η ε µR  is correctable, where 
( ) ( ) ( )1
dim
2
1 1 11
1
CH
r r
kl lk k k k k
k l k
P P
r
η α α α α
⊥ 
 
 
= = =
= +∑∑ ∑i i i . 
Proof. (i) It is clear that 1η  is also a completely positive and trace-preserving linear map on 
( )HB . For all ρ A , we can obtain that  
( ) ( )11 11 1
1
1
B
B BA H AI
r
σ
η ε ρ η ρ σ
∃ 
⊗ ⊗ 
 
= R                           
( )1
, 1
1 r BA
kl lk
k l
P P
r
ρ σ
=
= ⊗∑                   
1
, 1
1 r BA
k l l k
k lr
ρ β β σ β β
=
= ⊗ ∑           
Clearly, ( )1
, 1
1 r B B
k l l k
k l
H
r
β β σ β β
=
∈∑ B . 
  (ii) It is similar to (i).                                                         ■ 
Recall the example in the introduction. We first use the GOQEC approach to correct errors 
{ }0 1 2, ,E E Eε =  as follows. We decompose the Hilbert space 4 A BH H= ⊗  with the 
computational basis, so that 
2AH =  , 1 2B BBH H H= ⊕ , ( )1 sup 0 0BH =  and 
( )2 sup 1 1BH = . Then ( ){ }0 0 |A A AHµ ρ ρ= ⊗ ∈B . Clearly, ( )2 2 , , ,I I Bε µ⊗  is 
correctable, which means that no recovery operation is done. According to the above theorem, we 
can also use OQEC approach to correct errors. Although ( ), ,η ε µ  where 
( ) ( )( )( )1 2 2
0
0 0
k
I k I kη
=
= ⊗ ⊗∑i i  is also correctable, the operationη  must be done. 
 
4. Conclusions 
We present a more generalized notion for noiseless subsystems, called ampliate noiseless 
subsystems. The quantum information is encoded in A  of 1BAH H⊗ . The normal noiseless 
subsystem model in [14, 15] admits the state in noisy subsystem 1B  to be mapped to a state in 
1B  under a channel ε  while in our notion ε  could in principle map the state in 1B  to a state 
in any subsystem B  (including ( ) ( )1dim dimB BH H< ) satisfying A BH H⊗ . Base on 
ampliate noiseless subsystems, we introduce a more unified approach to quantum error correction, 
so-called GOQEC. We obtain an important consequence: the existence of OQEC codes is 
equivalent to one of GOQEC codes. While GOQEC model does not lead to new families of codes, 
it does allow for new error correction procedures, possibly enriching the fault tolerance quantum 
computing theory. For example, it is possible for some experiments of QEC that GOQEC codes 
are easier to detect and recover errors than OQEC ones because the former provides more 
recovery operations than the latter. This implies that we might construct simpler fault-tolerant 
gates by means of GOQEC. 
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